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UNIVERSITY OF NORTH BENGAL

B.Sc. Programme 5th Semester Examination, 2020

SEC1 (P1)-MATHEMATICS
Full Marks: 60

ASSIGNMENT

The figures in the margin indicate full marks.
All symbols are of usual significance.

The question paper contains SEC1A and SEC1B. Candidates are
required to answer any one from the two Courses and
they should mention it clearly on the Answer Book.
SEC1A
Probability and Statistics

GROUP-A / Reie-3 / Tig-&

Answer all questions 2x6 =12
fmfeiide emefes Ted nie
A YT IR SR
1. (a) Show that the probability of occurrence of only one of the events 4 and B is 2

P(A)+ P(B)—-2P(4B).
e @, 4 G B o1 4fod 0% @3S Wi TRl P(A4) + P(B)—2P(AB).
A X B UcAES WY $dd UHDI Gcd g™EAT P(A)+ P(B)—2P(AB) 81 4+
TYSTE I |

(b) Prove that E(X*)2{E(X)}* . 2
e @ E(X?) > {E(X)}?
E(X?) 2 {E(X)}* vAiord T8 |

(c) A random variable X has the density function 2

N=—4— | —co<x<oo
/) x2+1

Find the probability that X2 lies between % and 1.

Qo AAvZ, G Y- A 71 S5 (Probability density function)

¥)=—4—, —o<x<
/) x?+1

X2 .ga 5w % @ |47 S[Ee] 261F TSI (Probability) e 41

TP AFRIMT TRET T BRM f(x)=—4—, —wo<x<oo B, L3 |

x2+1 "3

X2 B W GRIEET Eogei |
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(d)

(e)

®

2. (a)

(b)

5094

If P(X:—l):%, P(X:O):% and P(X:l):%,then find EQ2X +1).

3w P(X:—l):%, P(X:O):% aR P(X:I):% T, O@ EQ2X +1) -99 W
e w1
e p(x=-1)=1 | P(X:O):% R Px=D=1 @ W EQX+)

6 3
Qg |

The first, second and third moments of a probability distribution about the point 2
are 1, 16, — 40 respectively. Find the third central moment.

TR 369-@3 (Probability Distribution)-a3 22, RS @R $6R @I moment &9
2-Q TE TG 1, 16 GR — 40. TOII G (F@Y (central) moment e =21

s 2 Pl IRAT FETfadar faaRae!l ufeell, T X I9T &uT HESE 1, 16, — 40
8| TAl I &7 (moment) WISIa |

If Xis a N(0,1) variate, find the variance of e* .

T X @3 N(0,1) 552 X -93 (8% T (variance) e 741
afE X N(O,1) variate B 9, e* & (variance) TSl |

GROUP-B / {ei-4 / I95-9
Answer all questions
faferie enefee Ted wis
| YT IR SPEN

A continuous distribution has probability density function f(x)=ae”
(0<x<eoo; a>0). Calculate the moment generating function and hence obtain

ax

o, , where ¢, is the k -th order ordinary moment.

@3 fFafften IG7-93 FERA T9g SAFF £ (x) =ae ™ (0< x<oo; a>0) T,
moment generating function e 37 @R 1AW &A= o ey ¥, @AE oy 2
k-9% @K ordinary moment.

TR fAaRomT I™aal 99@ B f(x)=ae™ (0<x<oo; a>0) |
Moment generating function 9T BN X el o I T8N T8l o k-
th order ordinary moment 2T |

There are two identical boxes. The first box contains 5 white and 7 red balls and
second box contains 5 white and 5 red balls. One box is selected at random and a
ball is drawn from it. If the ball drawn is found to be white. What is the probability
that it is drawn from the second box?

@8 THCE 7210 eI ewbee 51 i, 716 o1ie 961 9k feerifbes 51 wl, 51 aie o
(2 | TLRSIE G0 A T G (CF G0 767 (ol 271 I Fe10 AWl T, ©F I&110
ST A (T (ol TSRl el 711

C?'ISQII S_S; HHE 99 U | q-%?’ﬁ dFFHT 5 dICT Hdl X 7 dIcT XAl defgm ¥ ¥ Q]
I 5 el |al ¥ 5 qrel Al golee B | Uh 949 Ifafid AT 9d TRUBI ©
R UH g1 A1 dc difguel o | afe difysr ard dar agel 99| a1 gl
Jaaare Wifgd! ATET & 8 ?

5x4 =20
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(c)

(d)

3. (a)

5094

Find the moment generating function of a continuous distribution having p.d.f.
1 2 —x
=x¢" , 0<x<oo
J(x)=42
0 , elsewhere

and hence find mean and variance.
@fs fafiPes I0H-97 TR T S (p.d.f)
2 —x
-]

%xe_ , 0<x<oo
0 , el

g fefRioes 364167 (continuous distribution) moment generating function @3}
TR (RGP NG Gk (Sl el v |

l 2 —x oo
AT (continuous distribution) SR (p.d.f) f(x)=12% ¢ » 0<¥<= g
0 , elsewhere
IHPHI moment generating function WISIaN ¥ JHel A I MA=IdT (mean and
variance) Eﬁﬂ%ﬁ?{l
Let X and Y are jointly distributed with p.d.f.

1
=(1+x ;| x|<l, <1
oy = [FOFD) 5 xI<Ly
0 ;  elsewhere
Show that X and Y are not independent but X2 and Y? are independent.
X, Y voRifR ¥ I6GT (jointly distributed) TSR TG 21 (p.d.f)
1
=(1+x ;| x|<l, <1
fn(x,y):{ﬂ ) 5 lxl<l ]yl
> ol
(e @, X @GR ¥ 2@ 2}, g X2 @< 12 %@ wiE)

X3 Y o8 GgheuAr faaRd (jointly distributed) | ST (p.d.f)

Ta+w) 5 ixi<1, yi<1

fXY(x,y)={ Bl XTI Y @Wd ©9 a)k X2% Y2

A B R QUS|

0 ;  elsewhere

GROUP-C / f@al-o / AHg-TT

Answer all questions 7x4 =28

el eniefee Ted wis
A gD IR e

(1) IfXisa N(0,1) variate, then prove that ¥ :%X 2 is 7/(%) variate.
X a3 N(0,1) 557 (variate) Z(, &N T T ¥ :%XZ Eal 7(%) 5471

afe X, N(0,1) variate B ¥, Y:%X2 ) 7/(%) variate 8 WAX WHIOTA
‘@g q |
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(ii)

The joint probability density function of two variates X, Y is given by
f(x, y):HT_y , 0<x<2, 2<y<4 and zero elsewhere, calculate

P(X <1, Y<3)and P(X+Y <3).
X, Y v 4iod I& ABRAI 999 WS (joint probability density function) &

f(x,y)=6_)é_y , 0<x<2 2<y<4
= 0 , eyl
2E P(X <], Y<3) @R P(X+Y <3) F9°?
3 variates X, Y @I GJh TG O function f(x,y)=6_)é_y,

0<x<2, 2<y<4 X zero elsewhere §RT fR3UdI B, P(X <1, Y <3)X
P(X +Y < 3) 9T T2 |

(b) (i) For any three events 4, B and C show that

(ii)

(c) ()

5094

(ii)

P(AUB|C)=P(4|C)+P(B|C)—P(ANB|C)
- Fo ol 4, B '€ C-93 &) (w8 @
P(AUB|C)=P(4|C)+P(B|C)—P(ANB|C)

$ g A BeAEw 4, B X C &I AT
P(AUB|C)=P(A4|C)+P(B|C)—P(AN B|C)3@STeH |

A point P is choosen at random on a line segment 4B of length 2a. Calculate
the expected values of the rectangle AP - PB and the difference | AP — PB |.

2a TCEE @36 @R TR oRfEe @I /W P wemelid @, SimerwEd
(rectangle) AP- PB &3} | AP — PB |-43 997 S (expected value) fae 541

Vgl NG U8 AB WP WIS 2¢ © J9dT Udh Uis< P IfHaffd wudr
AP B | AT AP-PB B MA@ AN TOMT Tjerq < | AP—PB| &1

URE GIoJe |

Let X be a discrete random variable given by

X -3 | -1 0 1 2 3 5 8
f(x) 10103045 | 05| 075 |09 | 095 | 1.00

Find the probability mass function, P(X is even) and P(1< X <8).
X @3 Rifvza vz ba1 faferiioei Kelos

X -3 | -1 0 1 2 3 5 8
f(x) | 01 |03 |045| 05| 075 |09 | 095 | 1.00
AR ©F SAHF  (probability mass function), P(X IW (even)) @R
P(1< X <8)fafaza

X S U& B SIAAA (discrete random) variable 8 &8
X -3 | -1 0 1 2 3 5 8
f(x) | 0.1 | 03 | 045 ] 05| 075 1| 09 | 095 | 1.00

HHTIAT mass function Eﬁﬁjﬁﬂ P(Xiseven)and P(1< X <8)

Verify f(x):%e_x/’l , 0<x<oo

= 0 , elsewhere

is a probability density function and find P(2< X <6).
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JHI2 (verify) I
f(x):%e_)‘/’1 , 0<x<eoo

=0 , 9
231 VIR I S (Probability density function) @R P(2 < X < 6) e &1

g TR B, f(x)z%e‘x/’l , 0<x<oo

= 0 , elsewhere
[T density function 81 ¥ P(2 < X < 6) @Tjﬁ??l

(d) (i) Ifarandom variable X is uniformly distributed with parameter # and o over 4
3o
then compute P[| X—-ulz —j and compare it with the
[ NEMRINE j 2
upper bound obtained by Tchebycheff’s inequality.

@3 WA= 56T X R I64 & (uniformly distributed) ( \/_ \/_j

93 ©2lF @R} I parameter y IR o, O P[| X—-ul= —j fefy 32 @
Tchebycheff’ s-SPRIBCR  (inequality) % 3 (upper bound)-93 it
[|X i >37j -9 I [T o7l (Compare) 9|

1 1
X l———, 1+— | ¥

afe v AfrafAd RIgge aﬁuﬂ'ﬂﬁaﬂ?a( i +\/§j
TE wu fqaRka s W, P[|X ,u|>370-jTI'UFITTI—jE?R:[?€ﬁ

Tchebycheff's TFAMAT §RT UTG AT IS~ AT el |

(i) Find the mean, median and the mode of a binomial (4, %) variate. 3
Binomial (4, %) B (variate)-A9 MO, TGN QR FRYISFE T« ICRRETH

Binomial (4, %) variate @I mean, median X mode W& |

SEC1B
Differential Geometry

GROUP-A / Reie-3 / Tig-&

Answer all questions 2x6 =12

fmferie eniefee Ted wis
A gD IR e

1. (a) Prove that the curve 2
r(t)= (l+t, %,

R P I
r(t) = (l+t, % %}%WWI

—

—t

T) is planer.

5094 5
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Gl r(t):(1+t, %, %) planer 81 ¥R YA &N |

(b) Give an example of a non-orientable surface.

@35 non-orientable PR GwIze 7S |
Non-orientable surface ®I UICT IRV AR |

(c) Compute the curvature of the curve r(u) = (a cosu, a sinu, bu),where a®> +b% =1.

(1) = (a cosu, a sinu, bu), @A a? +b? = 1 IGEHI I@e! (97 F2)
&Y r(u) = (a cosu, a sinu, bu), P curvature ITOTAT T@Eﬁ? STef a? +b% =1

(d) Is the unit sphere S a smooth surface? — Justify.

GFF JOAER (OIFF §2 pet 7ot 2@ [ 9 — it 39
% UHIS &3 (unit sphere) S? Ul fUeell Adg (smooth surface) & ? 3fiferd

THEN |

(e) Calculate the second fundamental form of a plane.

e (plane)-93 f@o1 (e 91046 (second fundamental form) & F4)
TS (plane) BT TRAT Hifelds HRM 0T BN |

(f) Show that the curve r(¢)=(sin¢, V2 t, —cos t) has constant speed.

A8 @ (1) = (sint, ~/2 ¢, —cost) IGERID &S 7917 (unit speed).
P9 r(t)=(sint, V2 t, —cost) B ReR T B w9 IS |

GROUP-B / {ei-4 / I95-W
Answer all questions
fmferie eniefee Ted wis
| U R SR

2. (a) Define evolute of a regular closed curve r.

Show that the evolute of the curve r(¢)=(a(t—sint), a(l—cost)) , where
0<t<2r and a >0, is a constant.

@3 regular closed IFELR evolute-b Srad 341
@8 @  r(t)=(a(t—sin?), a(l—cost)), @AW 0</<27 9R a>0 IFRATI
evolute 5T &I |

Regular closed ®¥ r @ evolute ® uRwmr  fAgEw| oo
r(t)=(a(t—sint), a(l—cost)) &l 0<t<27x X a>0 P evolute ReR B W+

CRCISHENE

(b) Calculate the second fundamental form of the surface

o (u, v)=u, v, u> +v%)

o, v) =, v, u® +v?*) *PerEE fTow (e a5t Srae F41
Surface o (u, v) = (u, v, u* +v*) &I IET AlfeTd BHRM TOFET T4 |

(c) Find the curvature of the curve

5094

4 . 1
r(t)= [— cost, 1—sint, ——cos tj
5 5
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4 . 1
r(t) = [g cost, 1—sint, — 3 cos tj @B @9 (curvature)-6 e =21

4

. 1
B r(t) = [g cost, 1—sint, —gcos tj P curvature Eﬁ q |

(d) Find the first fundamental form of

o0(6, @) =(sech Bcos@, sechfsing, tanh )
o(6, @) =(sech Bcos@, sechfsing, tanh ) ‘@W@R{ 212 (Tferr a1om{s el 1
0(0, ¢) = (sech @cosg, sechfsing, tanh @) BT YAl AlfeTd BRM W |

GROUP-C / feal-a / AHg-TT

Answer all questions

el enafee Ted wis
A gD IR e

3. (a) (i) Calculate the Gaussian curvature of the surface

o(u,v)=u+v, u—v, uv)
o(u,v)=u+v, u—v, uv) "I@W@W Gaussian J@oIf6 e 41
Surface o(u, v) = (u+v, u—v, uv)®I Gaussian curvature 0T B |
(i) For which values of the constant ¢, is z(z+4) =3xy+c a smooth surface?
P -7 (I (I NN G z(z+4) = 3wy +¢ 7RO 3¢l 73 2

ReR C &1 @A AF8wd! oM z(z+4)=3xy+c (& fUcell Fdg (smooth

surface) &I ?

(b) (i) Prove that the curvature of the curve

5094

r(t) = (¢t —sinht cosht, 2cosh?),

t >0 is never zero, but that it tends to zero as ¢t —> oo .
e

r(t) = (t —sinh ¢ cosht, 2cosh?), ¢ >0 IFALHI I@S! FLF2 ¥ 2 I, T

2217 AW AR 0 W@ T £ —> 00 .

@4 r(t) = (¢t —sinht cosht, 2cosht), 1>0 P curvature BHigcd T gé_*f

Tt — oo B HYAT YA AR (tends to zero) B w1 YA a4 |
(i) Show that
1

r(t) = (cos’ t—=, sint cost, sinf)

is a parameterization of the curve of intersection of the circular cylinder of

1

radius 0 and axis the z-axis with the sphere of radius 1 and centre

(-1.0,0).

e @

r(t) = (cos’ t—l, sint cos?, sint) 93 IFEAR parameterization T % g

@ 2= fAfE IR (i @<k | IPHI e (=L, 0, 0) e cieTcers oz

7x4 =28

5+2

5+2
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(c) Compute k, 7, t, n and b for the curve

r(t)=[sin I Lsint2, \/_j

and verify the Frenet-Serret equation.

k, 7, t, n @R b <& r(t)= [Sln \/5’ —smt\/_ j IFEAT CFg Wm0

GG Frenet-Serret FNFA90 2197 41

NG

B r(f) = Lsins/2, tjaﬁarﬁrk, 7, f, n X b TN THER X

sin? —,
( V272 V2
Frenet-Serret equation GHTOTT TI_:EE q |

(d) (i) Show that the involute of
r(t)=(t, cosht)

is x= cosh_l(lJ —J1-y%.
Y
e (8
r(t)=(t, cosht)
@3 involute-G 25

xX= cosh_l(lJ —y1-?
y

r(t) = (t, cosh?) @I involute x=cosh” ( J N HECCISRGINE

(i) Find the torsion of the curve

r(t) = [%(14)3/2 , 30,

%d“
N S

r(t):[%(l—tf/2 L0+ef2, tj

Fg(@Ifba RS (torsion) e 41

I (1) :[%(l—z‘)3/2 , %(1+z‘)3/2 %} I torsion WIoIaIY |

&\

X

5094 8
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